A REFINEMENT OF AN INEQUALITY OF THE
BROTHERS MARKOFF

BY
R. J. DUFFIN AND A. C. SCHAEFFER

INTRODUCTION

Suppose that f(x) is a polynomial of degree » such that | f(x)| £1 in the
interval (—1, 1). Then according to a theorem(?) of A. Markoff |f’(x)| <n?
in the same interval. This bound is actually attained by the Tchebychef poly-
nomial T,(x)=cos (# cos! x). A later theorem(?) of W. Markoff gives the
best possible bounds for the higher derivatives of f(x)
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We show in this paper that the condition |f(x)| <1 in the whole interval
is unnecessarily restrictive. Instead it is only necessary to assume that
|f(x)| <1atthen+1 points x =cos (kr/n); k=0,1,2, - - - ,n,and the conclu-
sions of Markoffs’ theorem are unchanged. These are exactly the points at
which T,.(x) attains its maximum in the interval (—1, 1).

In a previous paper(®) we showed that under the assumptions of Markoffs’
theorem all derivatives of f(x) must satisfy
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For p=1 this reduces to an inequality of S. Bernstein
| f(x)] = n(1 — a)-22,

Using (1) it is possible to deduce W. Markoff’s result. However the proof
which is given here is simpler. Actually (1) is not true under the weaker con-
ditions which are assumed in the present paper. The W. Markoff inequalities
are obtained here as a consequence of a more general inequality concerning
Lagrange interpolation.

Presented to the Society, September 8, 1939, received by the editors September 10, 1940.

(*) A. Markoff, Sur une question posée par Mendeleieff, Bulletin of the Academy of Sciences
of St. Petersburg, vol. 62 (1889), pp. 1-24.

(%) W. Markoff, Uber Polynome, die in einen gegebenen Intervalle miglichst wenig von Null
abweichen, Mathematische Annalen, vol. 77 (1916), pp. 213-258. The original appeared in
Russian in 1892. .

(® R. J. Duffin and A. C. Schaeffer, On some inequalities of S. Bernstein and W. Markoff
for derivatives of polynomaials, Bulletin of The American Mathematical Society, vol. 44 (1938),
pp. 289-297.
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I. AN INEQUALITY OF INTERPOLATION

Suppose g(2) is a polynomial of degree n» with » distinct real zeros lying
in the interval (e, b) of the real axis,

¢@ = cII G = M), ¢ % 0;

g'(z) = i ()

—_1 22— Ny

We seek some way of determining the maximum of the non-analytic function

g(x)

x— N

n

M(x) =3

y=1

when x lies in the interval (a, b). By making a certain hypothesis concerning
the behavior of g(z) in the strip a < R(2) <b (inequality (4) of Theorem I) we
obtain the elegant solution

M(x) = M) =|g®)| e v < b

This result is equivalent to the foilowing statement: suppose that f(2) is
any polynomial of degree #n whose derivative satisfies the condition | ()]
= | g (x)l at the zeros of g(x); then (with the same restrictions as before re-
garding g(z))

@] =le®l, s x=<bh

The equivalence is an immediate consequence of the Lagrange interpolation
formula; we have
2 ') g(a)

f'(z) = E 7SS :

Hence, under the conditions of the last statement, if x is any point in (a, d)

g(x)

x— N

max |f’(x)| = Xn:

y=1

We shall also be concerned with finding bounds for the higher derivatives
of the polynomial f(z), and to accomplish this we need the following lemma.

LemMma 1. If g(2) =c[[2.1(z—N\,), ¢#0, is a polynomial of degree n with n
distinct real zeros and if f(2) is a polynomial of degree n such that

‘f,(xv)!§|gl()\v)|; =1y213)"',n1
then for p=1,2,3, - - - , n we must have at the zeros of g»~1(z)

©)) /2@ | = eP@ ]
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Proof. For p=1 inequality (2) is simply a restatement of the conditions
of the lemma; so consider the case p =2. The Lagrange interpolation formula
gives

@ & o) 1
ga) S g0 s =N Z_: 5=\

where by the hypotheses of the lemma,
for g’(2) in which each §, is equal to 1. Differentiating (3) we obtain

3)

n

{1"@)e0) — f@Dg@}/{g@ ) = — 2 ———

=1 (z -\ )2 '
Thus at the points where g’(z) =0 we have
f"(2) ) 8 " 1 g (2)
g(2) 1 (2 — \)2 gl (z — N\)2 l g(2)

and it follows that Lemma I is true for p=2.

The proof for p>2 is by induction. Let If(”)(x)l =< [g(">(x)| at the zeros
of g»—1(x) (they are real and distinct). By applying the previous argument to
f®(x) and g (x) instead of f'(x) and g’(x) we obtain

|f(1’+1)(x)| < | g(P‘“)(x)i

at the zeros of g (x). This completes the induction.

THEOREM 1. Let g(2) be d polynomial of degree n with n distinct real zeros
to the left of the point b on the real axis, and suppose that in a strip of the complex:
plane it satisfies the inequality

(4) lga+in| <|gb+iy)|; - a<2=h —o<y<o.
Then if f(2) 1s a polynomial of degree n with real coefficients such that
(5) |7/ = |g@®)| wherever g(x) =0

the derivatives of f(2) and g(2) must satisfy

© | 1o+ iy | < | g6 + i) | ;
6222h —0w<y< o, p=1,23--,mn

Proof. To prove Theorem I we shall first show that at a fixed point x;+2y;
in the strip

) (x4 i) | S| g0+ iy |.

Let g(z) =c[[;21(z—N\,), ¢#0, where without loss of generality we suppose
that cis real.
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Let %(2) be a new polynomial with the same leading coefficient as g(z), and
whose roots are obtained by reflecting about x; those roots of g(z) which lie
to the right of x;. Thus

h(z) = cﬁ (z —8)

where
2x1 —_ )\y if )\y > X1,

b= {x, if N < m.
Then on the line z=x,+1iy, — © <y < , we must have |z—8,| =|z2—\,
(8 | My + i) | = [ glas + i9) |

We now show that at the point x;+44y, the derivative of k(2) is at least as
large as the derivative of f(z). Whether or not the roots of 4(z) are distinct
we may write

SO

h(Z) v=1 Z_ﬁv

and f/(z) is given by the interpolation formula (3), where now the numbers §,
satisfy —1=<4,=<1. Comparing the right-hand sides of (3) and (9) we have

n b, 6v(x1 - )\v) . ylav
prorrmessl bl D2l rorwiall) M e varnert
=1 %1+ 31— N (21— N)2 + 9! (#1— N)2 4+ 2

© h'(2) :‘ 1

x1— By _ Z Y1

<>y " iy
(x1— B2+ 2 (1— B2+ 32
1
- Z % — B + i3’1

since by construction le—)\, =x;—0,. Since g(z) and k(z) have the same ab-
solute magnitude at x;+7y; it follows that | h’(xl—l-iyl)l = |f’ (21+12y1) | .
Let a, lal <1, be any complex constant and let

o(z) = g(z) — ah(z + 21 — b).

Let T be the simple closed curve consisting of a segment of the line z=>50417y
and the portion of a circle with center at b and radius p which lies to the right
of this line. Relations (4) and (8) show that on the straight line segment of T’

| eG) | > | ah(z + 2 — B) .

If p is sufficiently large the same inequality is true for the circular portion
of T since g(z) and k(z) have the same leading coefficient. Thus Rouché’s
theorem states that ¢(z2) and g(z) have the same number of zeros inside T'.
We conclude that ¢(z) has no zeros on or to the right of the line b+44y. The
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last statement, according to a theorem of Gauss, implies that ¢’(z) has no
zeros on the line b+4y. Thus for |a| <1

g'(b+ iyi) — al' (%1 + iy1) # 0.
It follows immediately that
| g'(b + ’1:)’1) | = l h,(xl + i}’l) I = |f’(x1 + iyl) |

This proves the theorem for p =1. We turn now to the case p >1.
Applying Theorem I for p =1 when f(3) is the function g(z) itself inequal-
ity (6) shows that

gz +in| =|g®+ iy ; e < x

Thus g’(z) satisfies all the requirements which in Theorem I are imposed on
the interpolating polynomial g(z) (with # replaced by #—1), and by Lemma I,
lf(x)| < ,g"(x)l at the n—1 zeros of g’(x). Applying Theorem I to f/(x) in-
stead of f(x) in the case p=1, for which it has already been proved true, we
have

IIA

b, — 0 <y < .

| f7(x+diy) | <] g7+ i) ; 0SxSh — 0 <y< w,

which proves that inequality (6) is true for p =2. Repetition of this argument
completes the proof for larger values of p.

ReEMARK TO THEOREM l. If f(2) and g(z) satisfy the same conditions as
in Theorem 1 except the condition that f(x) has real coefficients, then for
p=112137' cr,n

IIA
]

IIA
>

/@@ | =1g»®], a
Proof. After differentiating (3) p—1 times we obtain

o - 5,527 (£

y—1 dxP1\x — \,

where | 8,| =]7/(\)/g’(\)| £1. It is evident that if x is any point in the in-
terval (a, b), f®(x) attains its maximum when §,= +1. The Remark then
follows from Theorem I.

II. A PROPERTY OF TCHEBYCHEF POLYNOMIALS

The Tchebychef polynomials T',(x) which are defined by
T.(x) = cos nb, = cos 0,
are polynomials in x of degree #» and have % real distinct roots in the interval

(—1,1). They may be written
(10) T.(z) = ¢[] (z — cos6,)

v=1
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where ,=(v—3)r/n;v=1,2, - - - ,nand c=2"""!, and they satisfy the differ-
ential equation

(11) (1 — )T (2) — 2T (3) + n2T,.(z) = 0.

It will be shown that T,(z) satisfies the conditions which in Theorem I are

imposed on the interpolating polynomial g(z) where we take a=—1, b=1.
The proof depends on the following lemma.

LemwMma I1. Let {a.—} be a sequence of 2n non-negative numbers and let {a,-’ }
be a rearrangement of this sequence according to magnitude,

! !
az = -+ =2 a, = 0.

v
(1%
v

a1 2 as
Thenift=0
(12) (102 + &) (asas + 8) - - - (@2n—102. + 1)

s not greater than

(a1 + £)(asas + 1) - - - (asn_1azm + 2).
Proof. If a; and «; are as large as any of the o's then
(a3 + t)(azas + £) — (102 + t)(azas + £) = t(as — as)(azs — az) = 0.

This shows that the a’s in (12) can be rearranged so that the two largest occur
in the same factor without decreasing (12). Then the two largest of the re-
maining a’s may be brought into the same factor without decreasing (12).
And so on.

LeMMA I11. The Tchebychef polynomials satisfy the inequality
| Tu(x 4+ i9) | < | T.(1 + i) | ; —1=22=51, — 0 <y< x,
Proof. First,
I T.(x + iy) |2 =c]] {(x — cos 6,)2 + yz}.
v=1

If —1=<x=1 we may write x=cos 0, 0 real. Then we obtain
(13) | To(z 4+ i) |2 = 2] {2] e — =it |2| €0 — eits |2 4 y2}.
v=1

Geometrically, et y=1, 2, 3, - - - |, n, represent 2n points equally distrib-
uted about the unit circle. Connect these points by chords to the point e?.
Then the lengths of these 2% chords are given by e“’—ei""v| . If 6 is increased
or decreased by any multiple of v /% we obtain a new set of chords but the
aggregate of their lengths is unchanged.
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Choose ¢ such that
¢ =0(mod /n), — x/(2n) £ ¢ = x/(2n).

If x*=cos ¢ then

(14) To(ax* + iy) = (;2H {H eit — e—-io,lzl eit — eio,.lz + yz}

=1

where the numbers |ei —et i
Ie“’—ei“’vl 2 appearing in (13).

We observe that Lemma II is directly applicable to the products (14) and
(13). Since, as seen geometrically, the pairing of the numbers | e —eti%|2 in
(14) is by magnitude, we have

| Tu(x + i9) | < | Tula* + iy) |2

% are simply a rearrangement of the numbers

By construction x*-+1y lies in the strip cos 6; <x <1 where cos 0, is the right
most zero of T,(x). Thus the distance from any roots to x*+1y is no greater
than the distance from the same root to 142y, so (10) gives

| Ta(a* 4 i) | | Tu(l + iy) |.

This completes the proof of Lemma III.
Pélya and Szegd prove(?) that if P(x) is a polynomial of degree #—1 such
that

(15) (1 — a2)12| P(x)| £ 1, —122x=1,
then
(16) | P(x)| < n, —1=2x=1.

We show that if (15) is satisfied at the # points x=cos (m(v—3)/n);
v=1,2,---,n then (16) is still true. We use Theorem I with g(x) =T.(x).
When T,.(x)=0, T (x) =n(1 —x?)~'/2s0 we may write f'(x) =nP(x). Thus for
—1=x=1,

| nP(x)| < T (1) = n2.

III. MARKOFFS' INEQUALITIES

LemMA IV. Let f(x) be a polynomial of degree n satisfying |f(x)| <1 at
x=cos (vw/n); v=0,1,2,3,---,n. Then

|f/(2)] S n(1 — a®)~12 at x=cos(a(v — 3)/m); v=1,2,3- -,
The equality can occur only if f(x)=vyT.(x) for some constant vy, ]‘yl =1.

(4) G. Pélya and G. Szegé, Aufgaben und Lehrsitze aus der Analysis, vol. 2, p. 90, Problem
80.
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Proof. Let
Y(x) = (1 — )T (x) = a]] (x — cos (vr/m)).
»=0

Then by (11) ¢/(x) = —x T, (x) —n?T ,(x). Differentiating the Lagrange inter-
polation formula for f(x) gives, if \,=cos (v7/n),

oy o SO (2 = M) — Y(a)
S e E
At the zeros of T,(x) this reduces to
n - x)\y
17 "(x) =
(17) f(x) 20: ()‘V)( o

since at these points

(& — MY (x) — ¥(2)

— x(x = N)T (2) — (1 — )T, (x)
= — (1 — a\) T (x).
In the same way, we obtain at the zeros of T,.(x),
T.(\) 1-—
YW (x— N )2

and since T.(\,) and ¥'(\,) are of opposite sign this gives

Ti/(2x) = = T (s )Z

(18 T/ (x) = S
w (% —_—
( - )‘V)2
Now =<1, so comparing (17) and (18) we obtain

|f’(x)| =< | T, (x)! wherever T.(x) = 0.
The equality occurs only if
JO) = vTa(\); v=0,12---,m,
where 7 is a constant, |y| =1. This proves the lemma.
TueoreM I1. If f(2) is a polynomial of degree n with real coefficients and if
If(cos(wr/n))lél, v=20,1,2,---,mn,
then for p=1,2,3,---,n

| 1
The equality occurs only if f(2) = + T.(2).

Pt 2| TA+i)]; 15251, - o <y< .
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Proof. Suppose f(2) is not identically + T,(z). Then by Lemma IV there
is a constant ¢, ¢>1, such that |cf’(x)| =< | T, (x)| at the zeros of T,(x). Ap-
plying Theorem I to ¢f(x) we find

(p) (p)

1P+ 0| S —| 100+ i .
The case f(x) = + T»(x) is also easily discussed.

In the above theorem in which an estimate of f(»’(z) was obtained through-
out a strip of the complex plane the restriction that f(z) have real coefficients
was essential. However for points on the real axis the same bound for | @ (2) I
holds even if f(z) is allowed to have complex coefficients.

THEOREM I11. Let f(2) be a polynomial of degree n satisfying | f(cos (vr/n))|
<1;v=0,1,2, - ,n. Then for p=1,2,3,---,mn,
nt = (2 = 29 - (w2 — (p = 1Y)

(19) /2@ = 1:3:5--- (2p— 1)

The equality occurs only if f(2) =vTa(2), |v| =1.

Proof. If f(z) #+v7.(z) then by Lemma IV there is a constant ¢, ¢ >1, such
that |cf’ (z)| = | T. (x)| at the zeros of T,(x). From the Remark to Theorem I
it follows that

EaOIEIF SOl —1

for p=1, 2, 3, - - -, n. To complete the proof of Theorem III we need only
calculate T (1).
Differentiating (11)  times we obtain

IIA
IA

x =1,

(p+2) (p+1)

(1 — TP G) — (2p + 1)2Ts

from which

(p)

@+ @ = pPIT(2) =0

(p+1)

(2p + 1T

(1) = (" = pPHT"(D)
follows. Now T,.(1) =1 so, using induction, we find that T ”(1) is equal to
the right-hand side of (19).

In Theorem III we have proved that the conclusions of Markoffs’ theorem
are true under the lighter hypothesis that f(x) is bounded by 1 only at the
n+41 points x =cos (v7/n);v=0,1,2, - - -, n. This raises the question if there
are n+1 other points in the interval (—1, 1) with the same property. The
answer is in the negative, however, for if E is any closed set of pointsin (—1, 1)
which does not include all the points x=cos (vw/n) then there is a polynomial
of degree n which is bounded by 1 in E, whose derivatives do not satisfy (19).
To show this suppose that E does not include the point x=cos (\w/n). If
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A=0 or n the set E is contained in an interval of length less than 2, so an ex-
ample is easily constructed. Suppose A0, # and let

(«* = T (%)

P(x) =
x — cos Mr/n

f(®) = Tau(x) + aP(x), a> 0.

-

If € is a small positive number the set E is contained in the two intervals
(—1, cos Mr/n—¢) and (cos Mr/n+¢, 1). Call this the set E’. It is clear that
if « is sufficiently small we shall have | f(x)l =1 in a neighborhood of the end
points of the two intervals of E’. Then the maximum of |f(x)| for x€E’ (and
this maximum is greater than 1) must occur in a small neighborhood of some
point cos kr/n where k50, \, ». At this maximum, say x;, we have

f(x) = T4 (%) + aP'(x1) = 0.
But

IIA
8

IIA
=

| P'(x)| < 4, -1
and in a neighborhood of cos (kr/n)
| T ()| = 45| x — cos (kx/n)|.
Then
Ag| 21— cos (kr/n) | < | T (%) | = | P/(x)]| £ ads.

Thus the maximum of f(x) occurs within a distance adi/A.=A43a of some
point cos (kw/n) where k#0, N\, n and A3>0 is independent of «. Hence we
have by the mean value theorem

Tn(x1) = Ta(cos (kw/n)) + 3(x1 — cos (kw/n))2T," (x2),
P(x1) = (%1 — cos (kw/n))P’'(x3)
where |x,—x:| <|x1—cos (kr/n)|, |xs—xi] <|x1—cos (kr/n)|. Then if

| T (x)| < A4, —1=x=1,
we have
2

| fw) | £ 14 3Mudia’ + Ardsa’ = 1 + Asa’.
Thus for all small « the polynomial
F(x) = f(x)(1 — a®'%)
satisfies
|F(2)| < (1 4+ 452®)(1 — a®?) < 1, x € FE,

(p) (p)

[FP)| = (T2 + «PP )1 = " > T71), p=1,2,3,--,n
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IV. APPLICATION TO ENTIRE FUNCTIONS

Professor Szegé has pointed out to us that by a limiting process the previ-
ous results may be applied to entire functions.

THEOREM IV. Let f(3) be an entire function, real for real z, which satisfies
(@) |f(z)| =o(|z|2exp |2 |”2) umformly as |z| -,
() |f(n?)| =1,2=0,1,2, 3,

Then for p=1,2,3,-- - and x=0

| /(= + iy | <

dr
—— cos w(iy)V/2|.
dy?

Proof. It is evident that f(2?) is an entire function of exponential type and
is o(|z| e*121) as Izl — o, According to a result of Valiron we may write(®)

0 2., (= 1)7f(»?
f()+2( )'f( )}'

f(z%) = zr!sin wz{ " py—

Then
—_— 1 V2
f@) = (tirat sinw(z)ll"{f() 5 LS00 )}
v=1 Z2 —v
Let

0a(2) = 2(z2 — )T/ (1 — 2) = ch (2 — Noom)

v=0

where N\yy1,,—N,,» >0 and ¢#0. By Theorem II, if _1§6§1 and 0=x =2,
d» 8,6 (2)
dz" y=0 ¢n ()\v n)(z -N n)

Here % is any integer less than or equal to #n. By a change of variable we ob-
tain, if 0§x§4n27r—2, —o<y< @,

ar 8, (Lmin—2z)
dzp v=0 ¢ (xl' ﬂ)(21r n—2z - >‘v n)

dr
— T.(1 — iy)|.
dy®

dr .
— T (1 — Limin—2y) ’

Keeping &, 2, and v fixed we allow % to increase and obtain

lim T,(1 — 3x2n~2) = cos n(2)'/2,

n— o

lim ¢,(3n2n~2%) = x(z)!/2 sin w(2)1/2,  lim 27242\, = »%.

n— o n— oo

(%) G. Valiron, Sur la formule d’interpolation de Lagrange, Bulletin des Sciences Mathé-
matiques, vol. 49 (1925), pp. 203-224. Compare G. Pélya and G. Szegb, loc. cit., vol. 1, p. 117,
Problem 165.
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Also

3r2n2, (M.n) {,,2 B0
T n v,n) =
? =12 if 0<»<m

Thus we obtain

d 1/2 o3 1/2 5 k 5,,_11'
LI L L !
dz? T 2

b4 v=1 zZ =V

dar
= | — cos w(iy)l/?
dy?

for all 8, which satisfy —1=<6,=<1. Now k is an arbitrary positive integer,
so the theorem follows.

We might say that Theorem IV is imperfect because in the passage to the
limit from polynomials to entire functions we have lost touch with the condi-
tions of equality. These could be discussed by reformulating Theorem I to
make it apply to entire functions. A similar limiting process yields an analogue
of Theorem III.
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