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Introduction

Suppose that/(x) is a polynomial of degree n such that \j{x)\ ^ 1 in the

interval ( — 1, 1). Then according to a theorem^) of A. Markoff |/'(#)| =^2

in the same interval. This bound is actually attained by the Tchebychef poly-

nomial r„(x)=cos (n cos-1 x). A later theorem(2) of W. Markoff gives the

best possible bounds for the higher derivatives of f(x)

»*(»* - l2) • • • (w2 - (* - l)2)
/<">(»   < —-"-"-—> -\<x<,\.' 1 ~ 1-3-5 ■ • • (2p - 1)

We show in this paper that the condition \f(x) | ^ 1 in the whole interval

is unnecessarily restrictive. Instead it is only necessary to assume that

| ^ 1 at the ra+1 points x = cos (kw/n); ß = 0, 1, 2, • • • , n, and the conclu-

sions of Markoffs' theorem are unchanged. These are exactly the points at

which Tn(x) attains its maximum in the interval ( — 1, 1).

In a previous paper(s) we showed that under the assumptions of Markoffs'

theorem all derivatives of f(x) must satisfy

<
d»

_ gin arc cos x

dxp
- 1 g * S 1.

I d»
(1)

1 dx"

For p = 1 this reduces to an inequality of S. Bernstein

I f'(x) I g n(l - X2)"1'2.

Using (1) it is possible to deduce W. Markoffs result. However the proof

which is given here is simpler. Actually (1) is not true under the weaker con-

ditions which are assumed in the present paper. The W. Markoff inequalities

are obtained here as a consequence of a more general inequality concerning

Lagrange interpolation.
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I. An inequality of interpolation

Suppose g(z) is a polynomial of degree n with n distinct real zeros lying

in the interval (a, b) of the real axis,

n

g{z) = ell (z ~ C9*0;

g (z) = 2,-— •

We seek some way of determining the maximum of the non-analytic function

y=l I X — X
M(x) = £

when x lies in the interval (a, b). By making a certain hypothesis concerning

the behavior of g(z) in the strip a = 3f(z) = 6 (inequality (4) of Theorem I) we

obtain the elegant solution

M{x) = M(b) = I g'(b) |, a = x ^ b.

This result is equivalent to the following statement: suppose that /(z) is

any polynomial of degree n whose derivative satisfies the condition |/'(x)|

= Ig'Ml at the zeros of g(x); then (with the same restrictions as before re-

garding g(z))

\f(*)\ a^x^b.

The equivalence is an immediate consequence of the Lagrange interpolation

formula; we have

„=1     g'(X„)       Z   — \y

Hence, under the conditions of the last statement, if x is any point in (a, b)

" g(x)
max I / \x) I = 2-1 -

v=l x — X

We shall also be concerned with finding bounds for the higher derivatives

of the polynomial/(s), and to accomplish this we need the following lemma.

Lemma I. // g{z) =cY["=i(z— A„), c^O, is a polynomial of degree n with n

distinct real zeros and if /(z) is a polynomial of degree n such that

I /'(X.) I ̂  I «'(X,) I ; v = 1, 2, 3, • • • , n,

then for £ = 1,2,3, • • • , nwe must have at the zeros o/g(p_1)(z)

(2) |/(!))(z)| = U(p,(z)|.
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Proof. For p=l inequality (2) is simply a restatement of the conditions

of the lemma; so consider the case p = 2. The Lagrange interpolation formula

gives

1 JL 5,
(3)

f'(z) =   » /'(X.)

g'(X„) z — x„
= E

= 1 z

where by the hypotheses of the lemma, | S»| =T. There is a similar expression

for g'(z) in which each 5„ is equal to 1. Differentiating (3) we obtain

{/"(z)g(z) "/WOO }/{*(«)}* = - Z
=1 (z

Thus at the points where g'(z) = 0 we have

/"(*)

g(z)
= s

5»

,=i (z — X„)2

1

,_i (z - X„)2

X,)2

g(z)

and it follows that Lemma I is true for p = 2.

The proof for p>2 is by induction. Let |/<p)(*)| = |gCp)W| at the zeros

of gp~1(x) (they are real and distinct). By applying the previous argument to

f(p)(x) and g(p)(x) instead of f'(x) and g'(x) we obtain

\fl»+H(x) I ̂  I g<-p+»(x) I

at the zeros of g(p)(x). This completes the induction.

Theorem I. Let g(z) be d polynomial of degree n with n distinct real zeros

to the left of the point b on the real axis, and suppose that in a strip of the complex

plane it satisfies the inequality

(4) ('* + iy) I = I g(b + iy) a ^ x ^ b, — co < y <

Then if f(z) is a polynomial of degree n with real coefficients such that

(5) I f'(x) I _ I g'{x) I   wherever   g(x) = 0

the derivatives of /(z) and g(z) must satisfy

I /<">(* + iy) I & I gM(b + iy) I ;
a ^ X ^ b,  — °o < y < oo , £

(6)
1, 2, 3,

Proof. To prove Theorem I we shall first show that at a fixed point £i+fyi

in the strip

(7) /'(*! + iyi) I ̂  I g'{b + .yO

Let g(z) =cY[?=i(z—~kv), Ct^O, where without loss of generality we suppose

that c is real.
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Let h(z) be a new polynomial with the same leading coefficient as g(z), and

whose roots are obtained by reflecting about X\ those roots of g(z) which lie

to the right of X\. Thus

where

k(z) = cf[(z-ßj)

(2xi — X»   if   X„ > Xi,
ß, = <

\\r   if   X* ^ X\.

Then on the line z = X\-\-iy, — =° <y < °° , we must have | z — /3„| = \ z —Xv| so

(8) I h(xi + iy) \ =| g{xi + iy) \.

We now show that at the point Xi-Hyi the derivative of h{z) is at least as

large as the derivative of /(z). Whether or not the roots of h(z) are distinct

we may write

(9)
*'(*)

h(z)
= E i

and/'(z) is given by the interpolation formula (3), where now the numbers 5„

satisfy —1 = 5^^1. Comparing the right-hand sides of (3) and (9) we have

„=1 X\ + iyi — X,
£

E

8v{Xi — X,)

Xi — ß,

(Xl- ßvy + yi2

1

Xi — ßr + iy,

iE

yibv

Ol- x,)2 + yi2

m
(Xl- ßrY + yi2

since by construction        X»| =X\— ß„ Since g(z) and h(z) have the same ab-

solute magnitude at Xi+iyi it follows that | h'(xi+iyi) | ^ |/'(^i+^'yi) | •

Let a, j a I < 1, be any complex constant and let

<b(z) = g(z) — ah(z + xi — b).

Let r be the simple closed curve consisting of a segment of the line z = b-\-iy

and the portion of a circle with center at b and radius p which lies to the right

of this line. Relations (4) and (8) show that on the straight line segment of Y

I g{z) I > I ah(z + Xi — b) I.

If p is sufficiently large the same inequality is true for the circular portion

of r since g(z) and h(z) have the same leading coefficient. Thus Rouche's

theorem states that </>(z) and g(z) have the same number of zeros inside V.

We conclude that <f>(z) has no zeros on or to the right of the line b-\-iy. The
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last statement, according to a theorem of Gauss, implies that <j>'{z) has no

zeros on the line b-\-iy. Thus for \ot\ <1

g'(b + iyi) — ah'ixi + iyi) ^ 0.

It follows immediately that

I g'(b + tyj I ̂  I h'(Xl + tyO I = I f(xt + iyi) \.

This proves the theorem for p = 1. We turn now to the case p > 1.

Applying Theorem I for p = \ when/(z) is the function g{z) itself inequal-

ity (6) shows that

I g'(x + iy) \ g I g'(b + iy)\ ; a = x^6, — <»<y<co.

Thus g'{z) satisfies all the requirements which in Theorem I are imposed on

the interpolating polynomial g(z) (with n replaced by n — 1), and by Lemma I,

|/"(x)| = |g"(x)| at the w —1 zeros of g'(x). Applying Theorem I tof'(x) in-

stead of f(x) in the case p=l, for which it has already been proved true, we

have

I f"(x + iy) I ^ I g"(b + iy)\ ; a = x = b, - oo < y < oo ,-

which proves that inequality (6) is true for p = 2. Repetition of this argument

completes the proof for larger values of p.

Remark to Theorem I. If f(z) and g(z) satisfy the same conditions as

in Theorem I except the condition that f(x) has real coefficients, then for

p = 1, 2, 3, ■ • ■ , n

|/<*»(*) I S I glp)(b) |, a ^ x = b.

Proof. After differentiating (3) p — \ times we obtain

"      d"-1 / g(x) \

,=1     dx"-1^ — X„/

where | 5„| = |/'(A,.)/g'(X„) | = 1. It is evident that if x is any point in the in-

terval (a, b), /(p)(x) attains its maximum when 5,= +1. The Remark then

follows from Theorem I.

II. A property of Tchebychef polynomials

The Tchebychef polynomials Tn(x) which are defined by

Tn(x) = cos nd, x = cos 6,

are polynomials in x of degree n and have n real distinct roots in the interval

(— 1, 1). They may be written
n

(10) Tn(z) = cTL (z - cos 0,)
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where 0„ = (v — %)ir/n; v = 1, 2, • ■ • , « and c = 2"_1, and they satisfy the differ-

ential equation

(11) (1 - 32)rn"(z) - zTJ(z) + n*Tn(z) = 0.

It will be shown that Tn(z) satisfies the conditions which in Theorem I are

imposed on the interpolating polynomial g{z) where we take a= — 1, 6=1.

The proof depends on the following lemma.

Lemma II. Let {a, } be a sequence of 2n non-negative numbers and let {a,! }

be a rearrangement of this sequence according to magnitude,

Oil ^ <*2 ^ «3 ^  • • •  ^ Ol2n g£ 0.

(aiö» + 0(«t«« + 0 • • ■  {ct2n-\Ol2„ + t)

(a'ia'2 + t)(a'3a[ + *)••• (a4,_iag» + 0-

Proof. If ai and a3 are as large as any of the as then

(aia3 + t)(a2on + t) — + t)(a3cn + /) = *(ai — on)(a3 — a2) ^ 0.

This shows that the a's in (12) can be rearranged so that the two largest occur

in the same factor without decreasing (12). Then the two largest of the re-

maining a's may be brought into the same factor without decreasing (12).

And so on.

Lemma III. The Tchebychef polynomials satisfy the inequality

I Tn(x + *y) I % I Tn(l + iy) \ ; — 1     x = 1, — <x < y < oo.

Proof. First,

n

I Tn(x+ iy) |2 = c2II {(* - cos0,)2+ y2}.
»—l

If — 1 = x ^ 1 we may write x = cos 0, 0 real. Then we obtain

n

(13) I Tn(x + iy) |2 = c2II 111 ei9 - e-i9-|2| eie - ei0*\* + y2}.
r—1

Geometrically, e±i9», p = l, 2, 3, • • • , », represent In points equally distrib-

uted about the unit circle. Connect these points by chords to the point eie.

Then the lengths of these In chords are given by \eie — e±iB« \. \i 6 is increased

or decreased by any multiple of ir/n we obtain a new set of chords but the

aggregate of their lengths is unchanged.

Then if t^O

(12)

is not greater than
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Choose <j> such that

<t> = 6(mod tt/«),      - tt/(2») = 4> = x/(2m).

If x* = cos c/> then

(14) Tn(x* + iy) = c2IJ Ul «<0 - e-ie>\2 \      - eie>\2 + y2}

where the numbers | e'* —e±a»|2 are simply a rearrangement of the numbers

I e'9 — e±ie'\2 appearing in (13).

We observe that Lemma II is directly applicable to the products (14) and

(13) . Since, as seen geometrically, the pairing of the numbers | ei,p — e±ie*\2 in

(14) is by magnitude, we have

I Tn(x + iy) |2 £ I T„(x* + iy) |2.

By construction x*-\-iy lies in the strip cos 0i^=x5= 1 where cos di is the right

most zero of Tn(x). Thus the distance from any roots to x*-\-iy is no greater

than the distance from the same root to 1 +iy, so (10) gives

I Tn(x* + Iy) I S I Tn(l + iy)\.

This completes the proof of Lemma III.

Polya and Szegö prove(4) that if P(x) is a polynomial of degree n — l such

that

(15) (1 - x2)1'21 P(x) I = 1, - i 1,

then

(16) I P(x) I = n, - 1 = x = 1.

We show that if (15) is satisfied at the n points x = cos (ir{v — \)/n);

f = 1, 2, • • • , w then (16) is still true. We use Theorem I with g(x) = Tn(x).

When Tn(x)=0, T„ (x) =n{\ — x2)-1'2 so we may write /' (x) =nP(x). Thus for

— 1 Six = 1,
I nP(x) I ^ T„'(l) = m2.

III. Markoffs' inequalities

Lemma IV. Let /(x) &e a polynomial of degree n satisfying |/(x) | ^ 1 at

x = cos (vir/n); v = Q, 1, 2, 3, • • • , n. Then

\f(x) I g w(l - X2)"1'2   a/   x = cos (*(»- - |)/#);     v = 1, 2, 3, ■ • • , n.

The equality can occur only if f(x) =yTn(x) for some constant y, | y| = 1.

(4) G. Polya and G. Szegö, Aufgaben und Lehrsätze aus der Analysis, vol. 2, p. 90, Problem

80.
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Proof. Let
n

4?(x) = (1 — x2)Tn'(x) = oJJ (x — cos (vir/n)).

Then by (11) ^'(x) = — xTV (x) — n2Tn(x). Differentiating the Lagrange inter-

polation formula for/(x) gives, if Xy = cos (vir/n),

= A /(X,)   (x - \,W(x) - ^(x) _

h '      (x - X,)2

At the zeros of Tn(x) this reduces to

" /(X„)   1 - xX,
(17) f(x)„-Tj(x)2Z~^T-(-—

o i//(X„) (x - X,)2

since at these points

(x - KW(*) -     = - x(x - x,)r„'(x) - (l - x2)r„'(x)

= — (i — xx„)r„' (x).

In the same way, we obtain at the zeros of Tn(x),

" r„(x„) l — xx»
t: (x) = - zY (x) e ——-

o   *'(X,) (x-X,)2

and since 77 (A„) and are of opposite sign this gives

(18) TV (x) = 77 (x) e
1

*'(X,)

1 — xX„

(x - X,)2

Now |/(X,)| £1, so comparing (17) and (18) we obtain

I /'(x) | £ | TV (x) I   wherever   tn(x) = 0.

The equality occurs only if

/(X.) = 7T„(X,); v = 0, 1, 2, • • • , n,

where 7 is a constant, | -y | =L This proves the lemma.

Theorem II. If f{z) is a polynomial of degree n with real coefficients and if

I /(cos (**/»)) I £ 1, f = 0, 1, 2, • • ■ , n,

then for £ = 1,2,3, • • • , n

I /P\x + iy) I £ I T7P>(1 + iy)\ j        -l£x£l, - oo<y<ao.

T7*e equality occurs only if f(z) = + Tn(z).
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Proof. Suppose /(z) is not identically ±Tn(z). Then by Lemma IV there

is a constant c, c > 1, such that | cf'(x) \ = | TV (x) | at the zeros of Tn{x). Ap-

plying Theorem I to cf(x) we find

\/P\x+iy)\ S—I T<P'(1 + *y)|.
c

The case f(x) = +Tn(x) is also easily discussed.

In the above theorem in which an estimate of/(?,)(z) was obtained through-

out a strip of the complex plane the restriction that/(z) have real coefficients

was essential. However for points on the real axis the same bound for \ßp)(z) \

holds even if /(z) is allowed to have complex coefficients.

Theorem III. Letf(z) be a polynomial of degree n satisfying |/(cos (vir/n)) \

£ 1; v = 0, 1,2, • • • , n. Then for p = 1, 2, 3, • ■ • , n,

w202 - 1)02 - 22) • ■ • O2 - (* - l)2)

(19) /<">(*)   < —-— •' 1-3-5 • ■ ■ (2p - 1)

The equality occurs only if f(z) = yTn(z)^ \y\ =1.

Proof. If /(z) ^yTn(z) then by Lemma IV there is a constant c, c > 1, such

that I cf'{z) I S I T„ (x) I at the zeros of Tn(x). From the Remark to Theorem I

it follows that

\cf\x) \ = I T[v\\)\, -1£x^1,

for p = 1, 2, 3, ■ • • , n. To complete the proof of Theorem III we need only

calculate T\*\\).

Differentiating (11) p times we obtain

(i - z2)rr2)(z) - (2P + i)ZTip+i\Z) + rv - p)Ti:\Z) = o

from which

(2P+l)TlP+1\l) = (n2-P2)T(:\l)

follows. Now r„(l) = l so, using induction, we find that T*p\l) is equal to

the right-hand side of (19).

In Theorem III we have proved that the conclusions of Markoffs' theorem

are true under the lighter hypothesis that f(x) is bounded by 1 only at the

w + 1 points x = cos (vir/n); v = 0, 1, 2, • • ■ ,n. This raises the question if there

are w + l other points in the interval ( — 1, 1) with the same property. The

answer is in the negative, however, for if E is any closed set of points in( — l, 1)

which does not include all the points x = cos (vir/n) then there is a polynomial

of degree n which is bounded by 1 in E, whose derivatives do not satisfy (19).

To show this suppose that E does not include the point x = cos (Xir/«). If
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X = 0 or n the set E is contained in an interval of length less than 2, so an ex-

ample is easily constructed. Suppose A 5^0, n and let

(*2 - 1)77 (*)
P(x) = -,      f(x) = tn(x) + aP(x), a > 0.

x — cos \ir/n

If e is a small positive number the set E is contained in the two intervals

( — 1, cos \ir/n — e) and (cos \ir/n-\-e, 1). Call this the set E'. It is clear that

if a is sufficiently small we shall have |/(x) | £1 in a neighborhood of the end

points of the two intervals of E'. Then the maximum of |/(x) | for xEE' (and

this maximum is greater than 1) must occur in a small neighborhood of some

point cos kir/n where k^O, A, n. At this maximum, say Xi, we have

= 77 (*i) + «^(*0 = 0.

But

I P'{x) \&AU - 1 £ x £ 1,

and in a neighborhood of cos (kir/n)

I 77 (x) I = ^2 I x — cos (kir/n) I.

Then

4i| *t - cos (£ir/«) I £ I 27 (xi) I = a I P'(*i) I = a^i-

Thus the maximum of/(x) occurs within a distance aA\/A% = Aza. of some

point cos (kir/n) where k^O, A, « and A3>0 is independent of a. Hence we

have by the mean value theorem

T„(xi) = 77(cos (kir/n)) + l(xi — cos (for/»))277' (x2),

P(xi) = (xi — cos (kw/n))P'(x3)

where   | x%— X\\ < | Xi — cos (kir/n) |,   | x3 — Xi| < | X\ — cos (kir/n) \.   Then if

I 77'(x)| ^A4,
we have

I f(Xx) I £ 1 + |-44^3a2 + ^i-43a2 = 1 + Aj.

Thus for all small a the polynomial

F(x) = /(x)(l - a3'2)

satisfies

I F(x) I < (1 + ^5a2)(l - a3'2) < 1, x <G

I F^l) I = (tIP)(1) + aP(P,(l))(l - aV) > T^l),   p = 1, 2, 3, ■ • • , ».
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IV. Application to entire functions

Professor Szegö has pointed out to us that by a limiting process the previ-

ous results may be applied to entire functions.

Theorem IV. Let /(z) be an entire function, real for real z, which satisfies

(a) /(z) I =o( I z \ 1/2 exp ir\z \1/2) uniformly as \ z \ —* =o ,

(b) |/(rc2)| = l,n = 0, 1,2, 3, • • ■ .

Then for p = l, 2, 3, ■ • • and x = 0

/<*>(* + ty) I 5 -cos 7r(iy)1/2
<fyp

Proof. It is evident that/(z2) is an entire function of exponential type and

is o(|z|eT|z|) as  Z —»», According to a result of Valiron we may write(6)

/(z2) = zir~l sin 7TZ
I z2

+ Z
!/(z — v)

Then

Let

f/(0)        "   (- l)*/(e2))
/(2) - (2)i/27r-isin7r(z)1/2j^_i + 2^: -—f~^\

\    Z „=i       z — V2 )

<bjz) - z(z - 2)27(1 - z) = cjl (z - X,,„)

where A,+i,„— X„,„ >0 and c^O. By Theorem II, if — 1 = 5=£1 and 0 = x ^ 2,

I <i"<*» ^, 8„<bn(z)

dz" „=0 <^>n'(X„,n)(z — X„,„) <fyi
- *y)

Here k is any integer less than or equal to n. By a change of variable we ob-

tain, if 0 = x 5= 4re27r~2, — oo <y< oo,

d?   *  _ o^n(\^n-H) d*
-77(1 - |i7r2«-2y)
dy?<fe" m </,'(X„,„)(j7r2»-2z - X„,„)

Keeping k, z, and v fixed we allow n to increase and obtain

lim 77(1 — |tt2m~2z) = cos 7r(z)l/2,

lim ^(|,r2«-2z) = ir(z)1/2 sin Tr(z)1'2,      lim 27r-2w2X,,„ = v2

(5) G. Valiron, Sur la formule a"interpolation de Lagrange, Bulletin des Sciences Math6-

matiques, vol. 49 (1925), pp. 203-224. Compare G. P61ya and G. Szegö, loc. cit., vol. 1, p. 117,

Problem 165.
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Also

|7r2»-2tf>„' (X„,„) =
7T2 if    P - 0,

§(- 1)V2   if   0 < v < n.

Thus we obtain

dzp

d"   (z)1'2 sin ir(z)1/2 (5

7T

= -cos Tr(iy)in
dyv

for all 5» which satisfy —1 = 5»£1. Now & is an arbitrary positive integer,

so the theorem follows.

We might say that Theorem IV is imperfect because in the passage to the

limit from polynomials to entire functions we have lost touch with the condi-

tions of equality. These could be discussed by reformulating Theorem I to

make it apply to entire functions. A similar limiting process yields an analogue

of Theorem III.
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